Such a strong fluctuation originaling from non-Gaussian properties should be relevant even in the dynamics of granular assemblies. However, there have not been many systematic research studies that focus on the statistical distribution functions in the steady state, because real and numerical experiments report no unified results, i.e., velocity distribution functions (VDFs) obey Gaussian-like functions with exponential tails, 5-12 from the Gaussian to the exponential depending on density, 13, 14 stretched exponential 15-17 and even power-law functions. [18][19] [20] [21] As in standard statistical mechanics, an assembly of grains in a gas phase is an idealistic system for studing statistical weight. Approximate granular gases can be obtained by rapid granular flows on inclined slopes, 22, 23 gas-solid mixtures 24, 25 and grains under the external vibration. 11-18 However, these systems cannot be regarded as idealistic granular gases, because (i) the boundary and gravity effects are strong in the rapid granular flows, (ii) the hydrodynamic interaction between particles in gas-solid mixtures are complicated, and (iii) a dense cluster appears in the vibrating experiment. Therefore, it is difficult to achieve free-cooling *
where n ij , t ij , <ij> and g represent the normal and the tangential unit vectors at the contact point of the j and i particles, the summation over j particles which are in contact with i particle, and the gravitational acceleration, respectively. The contact forces F n ij and F t ij are respectively given by
where
Here, the friction coefficient µ describing Coulomb slip is assumed to be µ = 0.8. In addition,
we introduce four parameters k n , k t , η n and η t which are assumed to be k n = 5.0 × 10 4 mg/d, k t = 2.5 × 10 4 mg/d, η n = 4.47 × 10 g/d and η t = η n /2 in our simulation. This setup corresponds to the normal restitution coefficient e = 0.638. We adopt the second-order Adams- is uniformly random between 0.6d and 0.8d, and their centers are located 0.15d above the top board. To avoid the stacking of particles in the corners, we introduce four fixed particles (black ones in the figure) at the corners.
container in which the height is 1.8d and the horizontal plane is a square (Fig. 1) . In this system, particles cannot from a multilayer configuration in the vertical direction, but the particles have vertical velocities in their motion. The mobile particles are randomly scattered by fixed particles on the top of the container if the container is vertically vibrated. The area fractions of fixed scatters are 0.21, 0.23 and 0.25 for 1,000, 3,000 and 10,000 mobile particles, respectively. The vibration is driven by a sinusoidal force whose amplitude and frequency are given by A = 1.2d and f = 0.5 g/d. Thus, the acceleration amplitude becomes Γ = A(2πf ) 2 /g = 11.5. If the vibration is stopped, the particles move with the rotation on the bottom plate, then the system can simulate a two-dimensional free-cooling granular gas.
We emphasize that the rotational particles on a flat plane can be regarded as an approximate assembly of gas particles in a two-dimensional system, because the energy loss in the rolling friction is very small in many cases.
The simulation starts from a stationary state of particles on the bottom plate. The particles gain the kinetic energy from the external oscillation and the system reaches a 'steady state' in the balance between collisional dissipations and the gain of the energy from the external force. Typically, the system reaches the statistical 'steady state' after 25 oscillation cycles in which hydrodynamic quantities are independent of how many cycles proceed from the initial condition but depend only on the phase of oscillation.
In the 'steady state', we confirm that the density is uniform and there is no long-range correlation in contrast with granular gases in free-cooling states. 27 Thus, the system does not have any systematic flows nor any definite clusters. We also check that the effects of side boundaries can be neglected. This is because particles always hit the top wall or the bottom wall during the vibration. After we stop the vertical oscillation, the correlation grows with time as the free-cooling process proceeds.
The most significant quantity for charactering this gas system is VDF. In the 'steady 3/9 0.001 0.01 state', the vertical component of VDF has double peaks where each peak corresponds to a lifting process or a falling process, while the horizontal VDF has a single peak. For later discussion, we are only interested in the horizontal VDFs for analysis. We plot the scaled horizontal VDFf (c) in Fig. 2 using
with the density n, the average speed v 0 = 2T /m with the granular temperature T , and dcf (c) = dcc 2f (c) = 1, wheref (c) is averaged over the cycles. As in Fig. 2 , the scaled VDF can be approximated by an exponential function. In fact, the flatness defined by < c 4 > / < c 2 > 2 =< c 4 > with < c n >= dcc nf (c) is not far from 6. It should be noted that the flatness with the Gaussian VDF is 3 and that with the exponential VDF is 6. In our simulation, the flatnesses are summarized in Table I for 1,000-and 3,000-particle simulations as functions of area fractions projected into the horizontal plane. In addition, the dependence of the flatness on the density is relatively weaker in our situation than that by Murayama and Sano. 13 A large system with 10,000 particles with an area fraction of 7.2% has a smaller flatness of 6.85. If the external oscillation stops, the flatness decreases quickly and is saturated at 4.20 for 10,000 particles. As can be seen in Fig. 3 , VDF in the cooling process is nearly
Gaussian for low-energy particles but has an exponential tail for high-energy particles as in the usual gas systems. 5-7
Let us consider the origin of the exponential-like VDF. It is easy to verify that the exponential VDF cannot be reproduced without the existence of Coulomb friction in eq. (2).
Namely, if we eliminate the tangential component of the contact force or the slip rule for |F t ij | < µ|F n ij |, VDF becomes a Gaussian-like distribution (Fig. 3) . In fact, if all the components of tangential contact force are omitted, the flatness becomes 3.43 for 3,000 particles with the area fraction of 6.0%. While if we only neglect the effect of Coulomb friction in eq. (2), the flatness becomes 3.43 in the same situation (Table I ). In our system, particles experience an strong shear force when they hit the fixed scatters on the top wall, and their direction of motion changes drastically. Thus, the tangential slips between particles and the fixed scatters are the dominant dissipative processes in the 'steady state'. Since we specify the origin of exponential-like VDF, we can understand the weak dependence of VDF on the density. Namely, particles directly hit the fixed scatters for dilute case, while dense particles collide with each other and rotate without slips besides the collisions with the walls.
Therefore, the essence to produce the large flatness in VDF is apparently Coulomb friction. Thus, we propose the following Langevin equation to describe the horizontal motion of particles.
Here, u, u = |u| and Φ are respectively the velocity, the speed and the potential exerted 
Here, D = γ T /3m is the diffusion coefficient in the velocity space. The Langevin equation eq. (5) with eq. (6) can be converted into the Fokker-Planck or Kramers equation for the probability distribution function P (x, u, t).
For spatial homogeneous 'steady states', the equation for P → P st is reduced to (u/u)P st + T /3m(d/du)P st = 0 for u = 0. Its solution can be obtained easily (Table I) , but the high-energy particles apparently obey an exponential law as in the free-cooling case (Fig. 3) . It is easy to imagine that particles with a high energy can slip on the cage and particles with a low energy oscillate within cages. This picture may be valid for the gas system in the free-cooling process. Thus, VDF can be approximated by the combination of the Gaussian part for low-energy particles and the exponential part for high-energy particles. The VDFs for the undulation and the freecooling process are similar to those in experiments under vertical vibration in which a dense cluster exists and each VDF can be approximated by a single stretched exponential function. 11, 12, 14-18 We consider, however, that the stretched exponential VDF can be understood
by the combination of the Gaussian part and the exponential part as stated here.
We also recall that VDF obeys a Gaussian-like function for dense flows on an inclined slope. 28 This is because particles can move without slips because the lattice-like cage is very weak. We also compare our results with those of Murayama and Sano. 13 Because of the nonexistence of random scatters in their simulation, the slip processes can occur as results of collisions among particles. Thus it is reasonable to get the transition from the Gaussian to the exponential as the density increases. On the other hand, in our case, the slips take place mainly in collisions between particles and fixed random scatters. Therefore the tendency to obey the exponential is emphasized for dilute gases.
This mechanism to obtain the exponential distribution function may be used for other situations, because Coulomb friction plays roles in sliding frictions. 29 To look for possibilities of the universal feature of our scenario will be our future task.
In conclusion, we propose an experimental accessible system for granular gases. The VDF in a 'steady state' obeys an exponential-like function but changes to Gaussian-like distribution function when free-cooling starts. This exponential VDF is caused by Coulomb friction force.
Thus, we propose the Langevin equation with Coulomb friction to reproduce the results of our simulation.
